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Consensus of Multi-agents in Switching Networks Using
Input-to-State Stability of Switched Systems

Haofei Meng, Zhiyong Chen, and Richard Middleton

Abstract—Solvability of a consensus problem for multi-agent systems in
switching networks heavily relies on stablization techniques for switched
systems. The consensus problem becomes challenging when the agent
dynamics are complicated that require stability of a switched system
composed of unstable subsystems. Moreover, complicated dynamics bring
other coupling structures into a switched system. To solve the consensus
problem in such a scenario, we study the input-to-state stability property
of a switched system with external influence and hence design a sta-
blization controller for a switched system of interconnected components
using the small gain theorem. The controller successfully leads to the
solution to the consensus problem for a class of nonlinear, heterogeneous,
and uncertain multi-agent systems in switching networks with jointly
connected topology.

Index Terms—Input-to-state stability (ISS), Switched systems, Consen-
sus, Multi-agent systems (MAS), Small gain theorem, Nonlinear systems.

I. INTRODUCTION

In recent years, many efforts have been put into developing control
algorithms for multi-agent systems (MAS) of complicated dynamics,
including nonlinear, heterogeneous, and uncertain dynamics; see [1],
[2], [3], [4] for various settings. However, these results were achieved
in a relatively simple network, in particular, of a fixed and connected
topology. In many practical scenarios, the topology of communication
network is not always fixed due to various factors such as external
interference and hardware limitations. Therefore consensus of MASs
in a time-varying network has attracted many attentions.

Technically, consensus of MASs in a switching network (that is,
network topology and communication weights are switched over
a finite set) essentially relies on the development of stabilization
technique for switched systems. First of all, a relatively simple
situation is that at least one topology in the finite set is connected.
This situation corresponds to a switched system that consists of at
least one stable subsystem and many effective switching algorithms
can apply as discussed in the previous subsection. Along this research
line, we can see works [5], [6], [7] under the assumption that the
switching topologies are always connected and [8], [9] where at least
one topology is assumed to be connected.

The main theme of this paper is a switching network but with time-
varying topologies that may be unconnected during the entire time
course. It is shown in the existing literature that a static controller
can solve the consensus problem for some MASs under the so-called
jointly connected assumption that the union of topologies during
certain time intervals is connected, specifically, for linear MASs with
(first order) single-integrator dynamics [10], [11].

A commonly used technique for handling the consensus problem
of an MAS is to convert it into a stabilization problem for an error
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system between the MAS and the agreed dynamics. In a switching
network, the resulting stabilization is formulated for a switched
system. In particular, when none of the topologies is assumed to be
connected, none of the subsystems of the switched system is assumed
to be asymptotically stable. Nevertheless, it can be proved that, for
a first-order linear MAS with a static controller, the corresponding
subsystems are always at least marginally stable. In other words, the
subsystem matrices contain eigenvalues of negative real parts and
zero eigenvalues whose algebraic multiplicity is equal to the geo-
metric multiplicity. This property enables a non-increasing Lyapunov
function along each subsystem and hence guarantees system stability
and consensus under the jointly connected condition.

However, for MASs with (second-order) double-integrator dynam-
ics, the situation becomes essentially more difficult caused by com-
plication of zero eigenvalues. In particular, the resulting error system
for an unconnected network may contain zero eigenvalues whose
algebraic multiplicity is strictly larger than the geometric multiplicity.
Therefore, the stability analysis is conducted on a switched system
for possibly polynomially unstable subsystems of divergent modes
caused by repeated eigenvalues on imaginary axis. This phenomenon
brings significant challenges that have yet to be completely overcome.

A successful consensus controller for MASs with double-integrator
dynamics was given in [12] and [13] for instance, where a special
zero velocity consensus scenario was considered. For this special
case, the resulting switched system still consists of marginally stable
subsystems. In other words, the difficulty of controlling a switched
system with unstable subsystems was avoided. Following this direc-
tion, consensus of more general linear MASs was studied in [14] and
[15], not surprisingly, also for marginally stable dynamics.

Therefore how to achieve consensus for double-integrator MASs
in a general setting becomes challenging as it heavily relies on the
stabilization technique for a switched system of unstable subsystems.
One approach can be found in [16] and [17] where an additional
constraint is needed that the topologies are switched rapidly and
jointly connected. However, rapid network switching may cause
many practical issues. Another approach was given in [18] but
using a state dependent switching strategy. State measurement of the
global network information for determining a switching strategy is
impractical for a decentralized controller.

It is worth mentioning that switching topology has also been
studied for cluster consensus. For example, for first-order linear
MASs, cluster consensus is achieved under any switching strategy
if some LMIs are satisfied [19]. But the solvability of the LMIs
has yet to be discussed. Results on higher-order linear MASs were
obtained in [20] based on an averaging method under sufficiently fast
switching topology.

A more artistic design was given in [21] using the idea of dynamic
coupling. The consensus problem unavoidably leads to stabilization
of a switched system of unstable (especially polynomially unstable)
subsystems. However, it was observed that each polynomially un-
stable subsystem matrix can be regarded as interconnection of two
marginally stable matrices. As a result, the results for a switched
system with marginally stable subsystems can be applied. The idea of
dynamic coupling was further extended in [22] to solve the consensus
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pr o bl e m of li n e ar M A Ss wit h h et er o g e n e o us d y n a mi cs.

N o w, a q u esti o n aris es: is t h er e a s ol uti o n f or c o ns e ns us of m or e
g e n er al M A Ss i n s wit c hi n g n et w or ks ? I n p arti c ul ar, t h e f oll o wi n g
still r e m ai ns a n o p e n pr o bl e m. F or a n M A S w h os e d y n a mi cs ar e n o n-
li n e ar, h et er o g e n e o us a n d u n c ert ai n, a n d c o nt ai n a n o mi n al d o u bl e-
i nt e gr at or, is t h er e a c o ns e ns us al g orit h m i n a s wit c hi n g n et w or k wit h
j oi ntl y c o n n e ct e d t o p ol o g y ( n ot s uf fi ci e ntl y f ast s wit c hi n g or st at e-
d e p e n d e nt) ?

T his c o ns e ns us pr o bl e m is c h all e n gi n g b e c a us e all t h e e xisti n g
a p pr o a c h es b as e d o n a s wit c h e d s yst e m of m ar gi n all y st a bl e s u bs ys-
t e ms d o n ot a p pl y as t h e M A S u n d er i n v esti g ati o n c o nt ai ns d o u bl e-
i nt e gr at or d y n a mi cs. As t h e s yst e m c o nt ai ns n o nli n e ar, h et er o g e n e o us
a n d u n c ert ai n d y n a mi cs, a n o nli n e ar d y n a mi c c o m p e ns at or b e c o m es
i n dis p e ns a bl e, w hi c h m u c h c o m pli c at es t h e i nt er c o n n e cti o n of t h e
cl os e d-l o o p s yst e m. M or e s p e ci fi c all y, e a c h p ol y n o mi all y u nst a bl e
s yst e m i n t his s c e n ari o c a n n ot b e r e g ar d e d as i nt er c o n n e cti o n of si m-
pl y t w o m ar gi n all y st a bl e s u bs yst e ms, b ut wit h e xtr a i nt er c o n n e cti o n
fr o m t h e n o nli n e ar c o m p e ns at or. T h er ef or e, t h e a p pr o a c h [ 2 1] d o es
n ot a p pl y eit h er. H o w e v er, it m oti v at es t h e st u d y o n a s wit c h e d s yst e m
wit h e xt er n al i n p ut (t o r e pr es e nt t h e e xtr a i nt er c o n n e cti o n). It t ur ns
o ut t o e x a ctl y r el y o n t h e I S S pr o p ert y of a s wit c h e d s yst e m.

T h e I S S pr o p ert y of a li n e ar s wit c h e d s yst e m wit h i n p ut is g u ar a n-
t e e d if t h e s wit c h e d s yst e m wit h o ut i n p ut is u nif or ml y e x p o n e nti all y
st a bl e u n d er ar bitr ar y s wit c hi n g si g n al [ 2 3]. W h e n a s wit c h e d s yst e m
i n v ol v es b ot h I S S s u bs yst e ms a n d s u bs yst e ms t h at ar e n ot I S S,
st a bilit y c o n diti o ns i n t er ms of t h e l e n gt h of a cti v at e d ti m e f or t h e
I S S s u bs yst e ms a n d t h at f or n o n-I S S o n es w er e d eri v e d i n, e. g., [ 2 4].
T h er e ar e j ust a f e w r es ults i n t h e e xisti n g lit er at ur e a n al y zi n g t h e
I S S pr o p ert y of a s wit c h e d s yst e m w h er e n o n e of t h e s u bs yst e ms
is ass u m e d t o b e I S S, s e e f or e x a m pl e [ 2 5], [ 2 6], [ 2 7], [ 2 8]. It w as
s h o w n i n [ 2 5], [ 2 6] t h at t h e s wit c h e d s yst e m wit h i n p ut is I S S if
t h e a v er a g e of s u bs yst e ms is I S S, u n d er a s uf fi ci e ntl y f ast s wit c hi n g
si g n al. I n [ 2 7], r el a x e d r es ults ar e o bt ai n e d w h er e t h e d eri v ati v e of
L y a p u n o v f u n cti o ns of s u bs yst e ms c a n b e i n d e fi nit e. B ut it is h ar d
t o d esi g n a s wit c hi n g si g n al s u c h t h at t h es e r el a x e d c o n diti o ns ar e
s atis fi e d. A n d i n [ 2 8], e a c h s u bs yst e m d o es n ot n e c ess aril y h a v e t h e
I S S pr o p ert y i n t h e st at e s p a c e b ut o nl y i n s o m e s u br e gi o n of t h e
st at e s p a c e. T h e n b y a pr o p erl y d esi g n e d st at e- d e p e n d e nt s wit c hi n g
si g n al, t h e i nt er c o n n e ct e d s yst e m c a n b e st a bili z e d.

I n t his p a p er, m oti v at e d b y t h e e xisti n g r es ults o n I S S pr o p ert y of
s wit c h e d s yst e ms, w e bri n g a n e w I S S a n al ysis t o ol f or a s wit c h e d
s yst e m wit h e xt er n al i n p ut w h er e n o n e of t h e s u bs yst e ms is I S S ( e v er y
s u bs yst e m h as a m ar gi n all y st a bl e or e v e n u nst a bl e s yst e m m atri x)
u n d er a cl ass of st at e-i n d e p e n d e nt s wit c hi n g si g n als. T h e t o ol is t h us
us e d t o d esi g n of a c o ns e ns us c o ntr oll er f or a cl ass of c o m pli c at e d
M A Ss i n s wit c hi n g n et w or ks.

II. P R O B L E M F O R M U L A T I O N

C o nsi d er t h e M A S c o nsisti n g of N a ut o n o m o us a g e nts w h os e
d y n a mi cs ar e d es cri b e d as f oll o ws,

ṗ i = v i

v̇ i = f i ( v i , wi ) + u i , i = 1 , · · · , N ( 1)

wit h p i , vi , ui ∈ R . T his s yst e m c o nt ai ns a (s e c o n d- or d er) d o u bl e-
i nt e gr at or m o d el as a s p e ci al c as e, b ut wit h t h e f u n cti o n f i ( v i , wi )
r e pr es e nti n g t h e h et er o g e n e o us n o nli n e ariti es i n t h e pr es e n c e of
u n k n o w n s yst e m p ar a m et ers w i ∈ R l i . Ass u m e t h at f i ( v i , wi ) is
c o nti n u o usl y diff er e nti a bl e wit h f i ( 0 , wi ) = 0 . As a r es ult, t h e
d eri v ati v e of f i ( v i , wi ) is b o u n d e d b y a n o nli n e ar f u n cti o n, t h at
is, |∂ f i ( v i , wi ) / ∂ v i | ≤ Fi ( v i ) f or all w i i n a c o m p a ct s et. L et
F ( v ) = di a g { F 1 ( v 1 ) , · · · , F N ( v N ) } .

D e fi niti o n 2. 1: T h e gr o u p of N a g e nts ( 1) is s ai d t o a c hi e v e
c o ns e ns us if

li m
t → ∞

[p i ( t) − p 0 ( t)] = 0 , li m
t → ∞

[v i ( t) − v 0 ] = 0, ∀ i = 1 , · · · , N

f or s o m e p 0 ( t) a n d v 0 s atisf yi n g t h e f oll o wi n g virt u al r ef er e n c e
d y n a mi cs

ṗ 0 = v 0

v̇ 0 = 0 . ( 2)

C o ns e ns us c a n b e a c hi e v e d b y eff e cti v e n et w or k c o m m u ni c ati o n.
We first gi v e a bri ef d es cri pti o n of gr a p h of c o m m u ni c ati o n n et w or k
as f oll o ws. I n p arti c ul ar, a n u n dir e ct e d gr a p h G = { V , E } is
c o nsi d er e d i n t his p a p er w h er e V = { 1 , · · · , N } d e n ot es a fi nit e
n o n- e m pt y s et of n o d es a n d E = { ( i, j ) : i, j ∈ V , i = j } ⊂ V × V
r e pr es e nts t h e s et of e d g es. E a c h gr a p h G = { V , E } is wit h t h e
s p e ci fi e d e d g e w ei g ht a i i ( t) ≡ 0 ( n o s el fl o o p) a n d a i j ( t) ≥ 0 f or
i = j . M or e s p e ci fi c all y, a i j > 0 f or ( i, j ) ∈ E a n d a i j = 0 f or
( i, j ) /∈ E . L et L b e t h e L a pl a ci a n ass o ci at e d wit h G a n d d e fi n e d as
f oll o ws: t h e ( i, i) - el e m e nt of L is j = i a i j a n d t h e ( i, j ) - el e m e nt is
− a i j (i = j ).

C o ns e ns us of t h e M A S ( 1) i n a fi x e d n et w or k h as b e e n s ol v e d i n
[ 3]. T his p a p er h o w e v er is c o n c er n e d a b o ut a m or e c o m pli c at e d s c e-
n ari o of ti m e- v ar yi n g n et w or ks. M or e s p e ci all y, w e d e n ot e t h e ti m e-
v ar yi n g gr a p hs as G σ ( t ) e x pli citl y d e p e n di n g o n n et w or k s wit c hi n g
si g n al σ ( t) : [ t 0 , + ∞ ) → P f or P : = { 1 , 2 , · · · , M } . Als o, t h e e d g e

w ei g ht is e x pli citl y d e n ot e d as a
σ ( t )
i j a n d t h e ass o ci at e d L a pl a ci a n

L σ ( t ) .

R e m a r k 2. 1: F or e a c h n et w or k i ∈ P , t h e gr a p h G i is u n dir e ct e d
a n d t h e ass o ci at e d L a pl a ci a n L i h as t h e pr o p ert y L i 1 N = 0
a n d 1 T

N L i = 0 w h er e 1 N ∈ R N is a c ol u m n v e ct or wit h all
el e m e nts b ei n g o n e. Pi c k a m atri x U 1 ∈ R N × ( N − 1 ) s u c h t h at

U = 1√
N

1 N U 1 is a n ort h o g o n al m atri x. As a r es ult, o n e

h as

U − 1 L i U =
0 0 1 × ( N − 1 )

0 ( N − 1 ) × 1 H i

f or s o m e p ositi v e s e mi d e fi nit e m atri x H i ∈ R ( N − 1 ) × ( N − 1 ) , c all e d
t h e H- m atri x of t h e n et w or k.

S o m e t er ms a b o ut t h e n et w or k s wit c hi n g si g n al σ ( t) ar e gi v e n
b el o w.

D e fi niti o n 2. 2: F or a pi e c e wis e c o nst a nt f u n cti o n σ ( t) : [ t 0 , ∞ ) →
P , t h e stri ctl y i n cr e asi n g ti m e s e q u e n c e T i , i = 0 , 1 , · · · wit h T 0 = t 0

a n d T ∞ = ∞ is c all e d a s wit c hi n g s e q u e n c e of σ ( t) if, f or i =
0 , 1 , · · · ,

(i) σ ( t) is c o nst a nt f or t ∈ [T i , T i + 1 ) ; a n d
(ii) σ ( T i ) = σ ( T i + 1 ) .

E a c h T i is c all e d a s wit c hi n g i nst a nt .

T h e m ai n f o c us of t his p a p er is o n d esi g ni n g a cl ass of d e c e ntr al-
i z e d c o ntr oll ers t o a c hi e v e c o ns e ns us wit h t h e s wit c hi n g si g n al a n d
t h e ti m e- v ar yi n g gr a p hs s atisf yi n g t h e f oll o wi n g j oi ntl y c o n n e ct e d
ass u m pti o ns.

Ass u m pti o n 2. 1: T h e s wit c hi n g si g n al σ ( t) h as t h e s wit c hi n g
s e q u e n c e

t 0
0 , t10 , · · · , tm 0

0 , t11 , · · · , tm 1
1 , t12 , · · · , tm 2

2 , · · ·

f or s o m e i nt e g ers m 0 , m1 , m2 , · · · > 1 . Als o, d e n ot e t k = t 0
k =

t
m k − 1

k − 1 , k = 1 , 2 , · · · . T h er e e xist c o nst a nts T a n d τ s u c h t h at

t k + 1 − t k ≤ T

t j + 1
k − t j

k ≥ τ, j = 0 , · · · , mk − 1
, k = 0 , 1 , · · · .
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Ass u m pti o n 2. 2: F or e v er y ti m e i nt er v al [t k , tk + 1 ) , k = 0 , 1 , · · · ,
gi v e n i n Ass u m pti o n 2. 1, t h e u ni o n of t h e gr a p hs

Ḡ k =

m k − 1

j = 0

G
σ ( t

j
k

)

is c o n n e ct e d.

III. P R E L I M I N A R Y A N A L Y S I S

E a c h a g e nt i n ( 1) c a n b e r e writt e n i n a c o m p a ct f or m

ẋ i = S x i + E f i ( v i , wi ) + E u i

w h er e

x i =
p i

v i
, S =

0 1
0 0

, E =
0
1

.

T h e d e c e ntr ali z e d c o ntr oll er f or e a c h a g e nt wit h t h e n et w or k e d g e
w ei g ht a

σ ( t )
i j is d es cri b e d as f oll o ws

ẏ i = ( S + E K ) y i + κ

N

j = 1

a σ
i j ( ( y j − y i ) + ( x i − x j ) )

ż i = K i ( v i ) K y i

u i = K y i + z i − K i ( v i ) , i = 1 , 2 , · · · , N ( 3)

w h er e y i ∈ R 2 , z i ∈ R , κ > 0 , t h e f u n cti o n K i ( v i ) is t o b e d esi g n e d
l at er t o a c c o u nt f or t h e n o nli n e ar t er m, K i ( v i ) = d K i ( v i ) / d v i , a n d
K ∈ R 1 × 2 is s el e ct e d s u c h t h at S + E K is H ur wit z. I n ( 3), y i a n d
z i ar e t h e st at es of t h e d y n a mi c c o ntr oll er f or a g e nt i. I n p arti c ul ar,
y i , t o g et h er wit h x i , is tr a ns mitt e d i n t h e n et w or k wit h gr a p h G σ ( t )

a n d z i is us e d l o c all y b y a g e nt i o nl y.

Wit h t h e c o ntr oll er ( 3), w e h a v e t h e cl os e d-l o o p s yst e m of e a c h
a g e nt as f oll o ws

ẋ i = S x i + E f i ( v i , wi ) + E ( K y i + z i − K i ( v i ) )

ẏ i = ( S + E K ) y i + κ

N

j = 1

a σ
i j ( ( y j − y i ) + ( x i − x j ) )

ż i = K i ( v i ) K y i , i = 1 , 2 , · · · , N. ( 4)

F urt h er m or e, ( 4) c a n b e p ut i n t h e c o m p a ct f or m

ẋ = ( I N ⊗ S ) x + ( I N ⊗ ( E K ) ) y

+ ( I N ⊗ E ) ( f ( v, w ) + z − K ( v ) )

ẏ = ( I N ⊗ ( S + E K ) ) y − κ ( L σ ⊗ I 2 ) y + κ ( L σ ⊗ I 2 ) x

ż = K ( v ) ( I N ⊗ K ) y ( 5)

w h er e x : = c ol{ x 1 , x2 , · · · , xN } , y , z , v , w i n t h e s a m e m a n n er,
a n d

f ( v, w ) : = c ol { f 1 ( v 1 , w1 ) , f2 ( v 2 , w2 ) , · · · , fN ( v N , wN ) }

K ( v ) : = c ol { K 1 ( v 1 ) , K 2 ( v 2 ) , · · · , K N ( v N ) }

K ( v ) : = di a g { K 1 ( v 1 ) , K 2 ( v 2 ) , · · · , K N ( v N ) } .

F or t h e c o n v e ni e n c e of f urt h er a n al ysis, w e i ntr o d u c e a n e w st at e
v ari a bl e

δ = f ( v, w ) + z − K ( v ) .

Si n c e v̇ = ( I N ⊗ K ) y + δ , t h e d y n a mi cs of δ is c al c ul at e d as f oll o ws

δ̇ = f ( v, w ) v̇ + ˙z − K ( v ) v̇

= ( f ( v, w ) − K ( v ) ) δ + f ( v, w ) ( I N ⊗ K ) y

w h er e

f ( v, w ) = ∂ f ( v, w ) / ∂ v

= di a g { f 1 ( v 1 , w1 ) , · · · , fN ( v N , wN ) }

f i ( v i , wi ) = ∂ f i ( v i , wi ) / ∂ v i .

Fr o m t h e a b o v e m a ni p ul ati o n, t h e cl os e d-l o o p s yst e m ( 5) b e c o m es

ẋ = ( I N ⊗ S ) x + ( I N ⊗ ( E K ) ) y + ( I N ⊗ E ) δ

ẏ = ( I N ⊗ ( S + E K ) ) y − κ ( L σ ⊗ I 2 ) y + κ ( L σ ⊗ I 2 ) x

δ̇ = ( f ( v, w ) − K ( v ) ) δ + f ( v, w ) ( I N ⊗ K ) y. ( 6)

R e m a r k 3. 1: T h e s yst e m ( 1) i n cl u d es a d o u bl e-i nt e gr at or m o d el

ṗ i = v i

v̇ i = u i , i = 1 , · · · , N ( 7)

as a s p e ci al c as e w h e n t h e h et er o g e n e o us n o nli n e ar f u n cti o n
f i ( v i , wi ) v a nis h es. As t h e s yst e m m atri x S f or t h e d o u bl e-i nt e gr at or
m o d el is p ol y n o mi all y u nst a bl e, t h e a p pr o a c h es b as e d o n s wit c h e d
m ar gi n all y st a bl e s yst e ms i n, e. g., [ 1 2], [ 2 9], ar e n ot a p pli c a bl e a n y
l o n g er. T his is t h e ess e nti al r e as o n t h at t h e r es e ar c h o n li n e ar d o u bl e-
i nt e gr at or M A Ss wit h ti m e- v ar yi n g n et w or ks is still r ar e, m ai nl y i n
s o m e s p e ci al sit u ati o ns, e. g., st at e- d e p e n d e nt s wit c hi n g str at e g y [ 1 8],
s uf fi ci e ntl y f ast s wit c hi n g [ 1 6].

R e m a r k 3. 2: I n [ 2 1], t h e a ut h ors pr o p os e d a d y n a mi c c o ntr oll er
t o s ol v e t h e c o ns e ns us pr o bl e m f or a cl ass of li n e ar M A Ss wit h all
t h e ei g e n v al u es of t h e s yst e m m atri x b el o n gi n g t o t h e cl os e d l eft- h alf
c o m pl e x pl a n e t h at a c c o m m o d at es t h e d o u bl e-i nt e gr at or m o d el ( 7).
I n p arti c ul ar, t h e w or k i n [ 2 1] l e a ds t o a li n e ar cl os e d-l o o p s yst e m
of t h e f or m ( 6), b ut wit h δ = 0 , κ = 1 , t h at is,

ẋ = ( I N ⊗ S ) x + ( I N ⊗ ( E K ) ) y

ẏ = ( I N ⊗ ( S + E K ) ) y − ( L σ ⊗ I 2 ) y + ( L σ ⊗ I 2 ) x. ( 8)

T h e pr o bl e m st u di e d i n t his p a p er is f u n d a m e nt all y m or e c h all e n gi n g
i n t w o as p e cts.

(i) T h e d y n a mi c c o m p e ns ati o n f or t h e h et er o g e n e o us f u n cti o n o n
e a c h a g e nt d y n a mi cs r es ults i n t h e a d diti o n al δ -s u bs yst e m i n
t h e cl os e d-l o o p s yst e m ( 6). N o nli n e ar r o b ust d esi g n b e c o m es
criti c al a n d c h all e n gi n g t o d e al wit h t h e u n c ert ai n n o nli n e ariti es
i n t his d y n a mi c s et u p, w hi c h will b e el a b or at e d i n t h e s u bs e q u e nt
s e cti o n.

(ii) Wit h δ = 0 , κ = 1 , t h e cl os e d-l o o p s yst e m ( 8) c o nt ai ns a n
a ut o n o m o us s wit c h e d s yst e m,

ϑ̇ = ( ( I N ⊗ S ) − ( L σ ⊗ I 2 ) ) ϑ

f or ϑ = x − y . T h e a p pr o a c h us e d i n [ 2 1] criti c all y r eli es
o n c o n v er g e n c e a n al ysis of t his s wit c h e d s yst e m. W hil e i n
t his p a p er b e c a us e of t h e n o nli n e arit y a n d u n c ert ai nt y i n a g e nt
d y n a mi cs, t h e s wit c h e d s yst e m is s u bj e ct t o e xt er n al c o u pli n g
fr o m δ t h at d o es n ot a p p e ar i n t h e li n e ar h o m o g e n e o us c as e.
M or e s p e ci fi c all y, t h e ϑ - d y n a mi cs b e c o m es

ϑ̇ = ( ( I N ⊗ S ) − ( L σ ⊗ I 2 ) ) ϑ + ( I N ⊗ E ) δ,

t h at is, t h er e is a n i n p ut δ i n t h e d y n a mi cs of st at e ϑ . T h e
a n al ysis n o w r eli es o n t h e n o v el I S S t e c h ni q u e o n s wit c h e d
s yst e ms t o b e d e v el o p e d i n t h e f oll o wi n g s e cti o ns.

M or e a n al ysis o n t h e cl os e d-l o o p s yst e m ( 6) is c o n d u ct e d as
f oll o ws. We c o nsi d er t h e ort h o g o n al m atri x U i n R e m ar k 2. 1 a n d
d e fi n e t h e n e w st at es

x̄ =
x̄ 1

x̄ 2
= ( U ⊗ I 2 ) − 1 x, ȳ =

ȳ 1

ȳ 2
= ( U ⊗ I 2 ) − 1 y
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wit h x̄ 1 , ȳ 1 ∈ R 2 , x̄ 2 , ȳ 2 ∈ R 2 ( N − 1 ) . T h e n t h e cl os e d-l o o p s yst e m
( 6) c a n b e tr a nsf or m e d i nt o t h e s yst e m c o m p os e d of

˙̄x 1 = S x̄ 1 + ( E K ) ȳ 1 + (
1

√
N

1 T
N ⊗ E ) δ ( 9)

a n d

˙̄x 2 = ( I N − 1 ⊗ S ) x̄ 2 + ( I N − 1 ⊗ ( E K ) ) ȳ 2 + ( U T
1 ⊗ E ) δ

˙̄y 2 = ( I N − 1 ⊗ ( S + E K ) ) ȳ 2 − κ ( H σ ⊗ I 2 ) ȳ 2 + κ ( H σ ⊗ I 2 ) x̄ 2

δ̇ = ( f ( v, w ) − K ( v ) ) δ + f ( v, w ) ( U ⊗ K ) ȳ

˙̄y 1 = ( S + E K ) ȳ 1 . ( 1 0)

T h e f oll o wi n g pr o p ositi o n s h o ws t h at t h e M A S ( 1) wit h t h e
c o ntr oll er ( 3) a c hi e v es c o ns e ns us if t h e e q uili bri u m p oi nt of t h e
s yst e m ( 1 0) is e x p o n e nti all y st a bl e.

P r o p ositi o n 3. 1: If t h e e q uili bri u m p oi nt

c ol ( x̄ 2 , ȳ 2 , δ, ȳ 1 ) = 0

of t h e s yst e m ( 1 0) is e x p o n e nti all y st a bl e, t h e n t h e cl os e d-l o o p M A S
( 6) a c hi e v es c o ns e ns us as d es cri b e d i n D e fi niti o n 2. 1.

P r o of. C h a n gi n g t h e v ari a bl e of ( 9) as x̂ 1 = e − S ( t − t 0 ) x̄ 1 l e a ds t o

˙̂x 1 = e − S ( t − t 0 ) ( ( E K ) ȳ 1 + (
1

√
N

1 T
N ⊗ E ) δ )

a n d h e n c e

x̂ 1 ( t) =
t

t 0

e − S ( s − t 0 ) ( ( E K ) ȳ 1 ( s )

+ (
1

√
N

1 T
N ⊗ E ) δ ( s ) ) d s + x̂ 1 ( t 0 )

( t) + x̂ 1 ( t 0 ) .

Si n c e t h e e q uili bri u m p oi nt c ol ( x̄ 2 , ȳ 2 , δ, ȳ 1 ) = 0 of t h e s u bs yst e m
( 1 0) is e x p o n e nti all y st a bl e a n d all t h e ei g e n v al u es of t h e m atri x − S
li e o n t h e i m a gi n ar y a xis, t h e n ( t) e x p o n e nti all y c o n v er g es t o a
v al u e d e n ot e d as ∞ , a n d x̂ 1 ( t) e x p o n e nti all y c o n v er g e t o a v al u e
x̂ 1 ∞ = ∞ + x̂ 1 ( t 0 ) . S o, t h er e e xist s o m e α 1 > 0 a n d α 2 > 0 s u c h
t h at

x̂ 1 ( t) − x̂ 1 ∞ ≤ α 1 e − α 2 ( t − t 0 ) x̂ 1 ( t 0 ) − x̂ 1 ∞ .

As a r es ult, w e h a v e t h e f oll o wi n g i n e q u aliti es

x̄ 1 ( t) − e S ( t − t 0 ) x̂ 1 ∞

≤ e S ( t − t 0 ) e − S ( t − t 0 ) ( x̄ 1 ( t) − e S ( t − t 0 ) x̂ 1 ∞ )

≤ e S ( t − t 0 ) x̂ 1 ( t) − x̂ 1 ∞

≤ α 1 e − α 2 ( t − t 0 ) e S ( t − t 0 ) x̂ 1 ( t 0 ) − x̂ 1 ∞ .

Si n c e e S ( t − t 0 ) =
1 t − t 0

0 1
, t h e n e S ( t − t 0 ) i n cr e as es p ol y n o-

mi all y wit h r es p e ct t o t. T h er e e xist s o m e ᾱ 1 > 0 a n d ᾱ 2 > 0 s u c h
t h at

e S ( t − t 0 ) ≤
ᾱ 1

α 1
e ( α 2 − ᾱ 2 ) ( t − t 0 ) .

T h er ef or e, w e h a v e

x̄ 1 ( t) − e S ( t − t 0 ) x̂ 1 ∞ ≤ ᾱ 1 e − ᾱ 2 ( t − t 0 ) x̄ 1 ( t 0 ) − x̂ 1 ∞ .

It is r e a d y t o s e e t h at t h e s ol uti o n of ( 9) e x p o n e nti all y c o n-
v er g es t o a s yst e m wit h s ol uti o n x 0 ( t) = e S ( t − t 0 ) x̂ 1 ∞ , t h at is,
li mt → ∞ [ ¯x 1 ( t) − x 0 ( t)] = 0 . T h e f a ct

x ( t) = ( U ⊗ I 2 ) x̄ =
1

√
N

( 1 N ⊗ I 2 ) x̄ 1 ( t) + ( U 1 ⊗ I 2 ) x̄ 2 ( t)

yi el ds

li m
t → ∞

x ( t) − ( 1 N ⊗ I 2 )
1

√
N

x 0 ( t) = 0 .

L et x 0 = c ol { p 0 , v0 } . T h e n c o ns e ns us of t h e M A S ( 1) wit h t h e
virt u al r ef er e n c e ( 2) is o bt ai n e d.

W h at is l eft is t o st u d y t h e e x p o n e nti al st a bilit y of t h e s yst e m ( 1 0).
It is n ot e d t h at t h e s yst e m ( 1 0) c a n b e r e g ar d e d as a s wit c h e d s yst e m
of w hi c h n o s u bs yst e m is ass u m e d t o b e st a bl e. T h e n h o w t o s el e ct a
pr o p er K i ( v i ) s u c h t h at t h e s yst e m ( 1 0) is e x p o n e nti all y st a bl e u n d er
t h e s wit c hi n g si g n al σ ( t) will b e el a b or at e d i n n e xt s e cti o ns usi n g
t h e a p pr o a c h i n t er ms of I S S of s wit c h e d s yst e ms.

I V. I N P U T - T O - S T A T E S T A B I L I T Y O F S W I T C H E D S Y S T E M S

We first c o nsi d er t h e I S S pr o p ert y of a cl ass of li n e ar s wit c h e d
c o ntr ol s yst e ms:

ξ̇ ( t) = A σ ( t ) ξ ( t) + B σ ( t ) u ( t) ( 1 1)

w h er e ξ ( t) : [ t 0 , ∞ ) → R n is t h e st at e a n d u ( t) : [ t 0 , ∞ ) → R m t h e
i n p ut. H er e t 0 r e pr es e nts t h e i niti al ti m e. T h e m atri c es A σ ( t ) ∈ R n × n

a n d B σ ( t ) ∈ R n × m d e p e n d o n t h e s wit c hi n g si g n al σ ( t) : [ t 0 , ∞ ) →
P f or P : = { 1 , 2 , · · · , M } t h at is ass u m e d t o b e a c o nti n u o us-ti m e
pi e c e wis e c o nst a nt f u n cti o n. T h e e q u ati o n ( 1 1) wit h a fi x e d σ ( t) = i
is c all e d a s u bs yst e m, m or e s p e ci fi c all y, t h e i-t h s u bs yst e m, f or e v er y
i ∈ P . I n ot h er w or ds, t h e s wit c h e d s yst e m ( 1 1) c o nsists of M > 1
s u bs yst e ms o b e yi n g t h e s wit c hi n g si g n al σ ( t) .

S u p p os e t h e s wit c hi n g si g n al σ ( t) s atis fi es Ass u m pti o n 2. 1 a n d
t h e s wit c h e d s yst e m ( 1 1) s atis fi es t h e f oll o wi n g ass u m pti o n.

Ass u m pti o n 4. 1: E v er y s u bs yst e m m atri x A i , i ∈ P , is n e g ati v e
s e mi d e fi nit e. F urt h er m or e, f or e v er y ti m e i nt er v al [t k , tk + 1 ) , k =
0 , 1 , · · · , gi v e n i n Ass u m pti o n 2. 1, t h e s wit c h e d s u bs yst e m m atri c es
s atisf y

m k − 1

j = 0

k e r A
σ ( t

j
k

)
= ∅ ( 1 2)

w h er e k e r ( ·) d e n ot es t h e k er n el of a m atri x.

T h e m ai n o bj e cti v e of t his s e cti o n is t o st u d y t h e I S S pr o p ert y
of t h e s yst e m ( 1 1) f or a n ar bitr ar y s wit c hi n g si g n al σ ( t) s atisf yi n g
Ass u m pti o ns 2. 1 a n d 4. 1. F or t his p ur p os e, t h e c o n c e pt of I S S is
ri g or o usl y gi v e n b el o w,

D e fi niti o n 4. 1: T h e s wit c h e d s yst e m ( 1 1) is s ai d t o b e i n p ut-t o-
st at e st a bl e (I S S) wit h t h e st at e ξ a n d t h e i n p ut u , if t h er e e xist a
cl ass K L f u n cti o n β a n d a cl ass K f u n cti o n γ , i n d e p e n d e nt of t 0 ,
s u c h t h at f or a n y i niti al st at e ξ 0 a n d a n y i n p ut f u n cti o n u ∈ L m

∞ , t h e
s ol uti o n ξ ( t) s atis fi es 1

ξ ( t) ≤ β ( ξ ( t 0 ) , t − t 0 ) + γ ( u [t 0 , t] ) , t ≥ t 0 .

M or e o v er, it is s ai d t o b e e x p o n e nti all y I S S if t h e cl ass K L f u n cti o n
t a k es a n e x p o n e nti al f or m β ( r, s ) = κ r e − α s f or κ , α > 0 .

B ef or e w e i n v esti g at e t h e I S S pr o p ert y of t h e s yst e m ( 1 1), w e
first st u d y t h e si m pl er s c e n ari o wit h o ut c o nsi d eri n g t h e i n p ut u . I n
p arti c ul ar, t h e s wit c h e d s yst e m ( 1 1) wit h o ut t h e i n p ut u b e c o m es

ξ̇ ( t) = A σ ( t ) ξ ( t) . ( 1 3)

F or c o n v er g e n c e a n al ysis of t h e s wit c h e d s yst e m ( 1 3), w e c o nstr u ct
a L y a p u n o v-li k e f u n cti o n as f oll o ws,

V ( t) = ξ T ( t) ξ ( t) . ( 1 4)

1 We us e t h e n ot ati o n L m
∞ t o d e n ot e t h e s et of all pi e c e wis e c o nti n u o us

b o u n d e d f u n cti o ns u : [t 0 , ∞ ) → R m . T h e s u pr e m u m n or m of t h e tr u n c ati o n
of u ( t) i n [t 0 , t] is d e n ot e d as u [t 0 , t] = s u p t 0 ≤ τ ≤ t u ( τ ) .
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C o nsi d er e v er y s u bs yst e m m atri x A i , i ∈ P . It is e as y t o s e e t h at,
al o n g t h e tr aj e ct or y of e a c h s u bs yst e m of ( 1 3),

˙V ( t) = ξ T ( t) ( A i + A T
i ) ξ ( t) ≤ 0 . ( 1 5)

T h e pr o p ert y of t h e f u n cti o n V ( t) al o n g t h e s wit c h e d s yst e m ( 1 3)
is gi v e n i n t h e f oll o wi n g l e m m a t h at pl a ys a n i m p ort a nt r ol e i n t h e
s u bs e q u e nt a n al ysis. It is n ot e d t h at a r el e v a nt pr o p ert y h as b e e n
st u di e d i n [ 1 2] f or a s p e ci al cl ass of s yst e ms w h e n it w as hi d d e n i n
t h e c o ns e ns us a n al ysis of M A Ss.

L e m m a 4. 1: C o nsi d er t h e s wit c h e d s yst e m ( 1 3) wit h t h e s wit c hi n g
si g n al σ ( t) s atisf yi n g Ass u m pti o ns 2. 1 a n d 4. 1. T h er e e xists 0 <
ρ < 1 s u c h t h at, f or e v er y ti m e i nt er v al [t k , tk + 1 ) , k = 0 , 1 , · · · , t h e
f u n cti o n V ( t) d e fi n e d i n ( 1 4) s atis fi es

V ( t k + 1 ) ≤ ρ V ( t k ) . ( 1 6)

N o w it is r e a d y t o h a v e t h e m ai n st at e m e nt o n t h e I S S pr o p ert y of
t h e s wit c h e d s yst e m ( 1 1) as f oll o ws. T h e pr o of is i g n or e d d u e t o t h e
s p a c e li mit.

T h e o r e m 4. 1: T h e s wit c h e d s yst e m ( 1 1) wit h t h e s wit c hi n g si g n al
σ ( t) s atisf yi n g Ass u m pti o ns 2. 1 a n d 4. 1 is e x p o n e nti all y I S S, i n
p arti c ul ar,

ξ ( t) ≤ β ( ξ ( t 0 ) , t − t 0 ) + γ ( u [t 0 , t] ) , ∀ t ≥ t 0 ( 1 7)

f or a K L f u n cti o n β a n d a cl ass K f u n cti o n γ . M or e o v er, t h e g ai n
f u n cti o n γ c a n b e e x pli citl y gi v e n as

γ ( s ) = B
2 −

√
ρ

1 −
√

ρ
T s

f or B = m a x i ∈ P { B i } a n d ρ gi v e n i n L e m m a 4. 1.
N e xt, w e c a n e xt e n d t h e I S S pr o p ert y t o a cl ass of s wit c h e d s yst e ms

of m or e c o m pli c at e d i nt er c o n n e ct e d str u ct ur e, i. e.,

ξ̇ =
A σ I n

0 A σ
ξ +

0
B σ

u ( 1 8)

w h er e ξ ( t) : [ t 0 , ∞ ) → R 2 n is t h e st at e, u ( t) : [ t 0 , ∞ ) → R m

t h e i n p ut, a n d I n ∈ R n × n a n i d e ntit y m atri x. T h e ot h er n ot ati o n is
d e fi n e d as i n ( 1 1). We c o nsi d er t h e s yst e m wit h t h e s wit c hi n g si g n al
σ ( t) s atisf yi n g Ass u m pti o ns 2. 1 a n d 4. 1. It is w ort h m e nti o ni n g t h at,
w e ass u m e t h at e v er y m atri x A i , i ∈ P , is n e g ati v e s e mi d e fi nit e
( a n d h e n c e m ar gi n all y st a bl e) i n Ass u m pti o n 4. 1, h o w e v er, t h e a ct u al
s yst e m m atri x of ( 1 8) n o w b e c o m es

A i I n

0 A i

t h at is as y m m etri c a n d p ol y n o mi all y u nst a bl e. T h e f oll o wi n g c or ol-
l ar y s h o ws t h at t h e s wit c h e d s yst e m is still I S S wit h t h e pr o p er
s wit c hi n g si g n al e v e n if all of its s u bs yst e ms ar e u nst a bl e.

C o r oll a r y 4. 1: T h e s wit c h e d s yst e m ( 1 8) wit h t h e s wit c hi n g si g n al
σ ( t) s atisf yi n g Ass u m pti o ns 2. 1 a n d 4. 1 is I S S.

V. S O L V A B I L I T Y O F C O N S E N S U S P R O B L E M

I n t his s e cti o n, w e will st u d y t h e e x p o n e nti al st a bilit y of t h e
s wit c h e d s yst e m ( 1 0) u n d er t h e s wit c h e d si g n al σ ( t) usi n g t h e
a p pr o a c h pr o p os e d i n S e cti o n I V a n d t h e s m all g ai n t h e or e m. Firstl y,
t h e c o n n e cti o n b et w e e n s wit c hi n g n et w or ks i n t h e m ulti- a g e nt s et u p
i n S e cti o n II a n d t h e r es ults o n s wit c h e d s yst e ms i n S e cti o n I V is
st at e d i n t h e f oll o wi n g l e m m a.

L e m m a 5. 1: C o nsi d er t h e s wit c hi n g n et w or k wit h gr a p h G σ ( t )

a n d t h e s wit c hi n g si g n al σ ( t) s atisf yi n g Ass u m pti o n 2. 1. L et H σ ( t )

b e t h e H- m atri x of t h e n et w or k a n d A σ ( t ) = − H σ ( t ) . T h e gr a p hs

s atisf y Ass u m pti o n 2. 2 if a n d o nl y if t h e s wit c h e d s yst e m ξ̇ = A σ ( t ) ξ
s atis fi es Ass u m pti o n 4. 1.

P r o of. It is n ot e d t h at A σ = − H σ is s y m m etri c a n d n e g ati v e
s e mi d e fi nit e. T h e gr a p hs s atisf y Ass u m pti o n 2. 2 if a n d o nl y if t h e
H- m atri c es h as t h e c orr es p o n di n g pr o p ert y − m k − 1

j = 0 H
σ ( t

j
k

)
<

0 , i. e., m k − 1
j = 0 A

σ ( t
j
k

)
< 0 is n e g ati v e d e fi nit e. T h e n e g ati v e

d e fi nit e pr o p ert y of m k − 1
j = 0 A

σ ( t
j
k

)
< 0 is e q ui v al e nt t o t h at

ξ T ( m k − 1
j = 0 A

σ ( t
j
k

)
) ξ < 0 f or all ξ = 0 ∈ R N − 1 . Fi n all y,

ξ T ( m k − 1
j = 0 A

σ ( t
j
k

)
) ξ < 0 f or all ξ = 0 ∈ R N − 1 if a n d o nl y if

m k − 1
j = 0 k e r A

σ ( t
j
k

)
= ∅ , t h at is, ξ̇ = A σ ( t ) ξ s atis fi es Ass u m pti o n

4. 1. T h e pr o of is c o m pl et e d.
T h e fi n al ar g u m e nt is f urt h er e x pl ai n e d as f oll o ws. (i) If t h er e is

ξ = 0 s u c h t h at ξ T ( m k − 1
j = 0 A

σ ( t
j
k

)
) ξ = 0 , t h e n ξ T A

σ ( t
j
k

)
ξ = 0 f or

all j , a n d h e n c e ξ ∈ m k − 1
j = 0 k e r A

σ ( t
j
k

)
= ∅ . (ii) If ξ = 0 ∈

m k − 1
j = 0 k e r A

σ ( t
j
k

)
= ∅ , t h e n ξ T A

σ ( t
j
k

)
ξ = 0 f or all j , a n d h e n c e

ξ T ( m k − 1
j = 0 A

σ ( t
j
k

)
) ξ = 0 .

I n t er ms of t h e s yst e m ( 1 0), l et χ = x̄ 2 − ȳ 2 , t h e n t h e s yst e m ( 1 0)
c a n b e r e writt e n i nt o

χ̇ = ( ( I N − 1 ⊗ S ) − κ ( H σ ⊗ I 2 ) ) χ + ( U T
1 ⊗ E ) δ

˙̄x 2 = ( I N − 1 ⊗ ( S + E K ) ) x̄ 2 − ( I N − 1 ⊗ ( E K ) ) χ + ( U T
1 ⊗ E ) δ

δ̇ = ( f ( v, w ) − K ( v ) ) δ + f ( v, w ) ( U ⊗ K ) Θ 1 ȳ 1

+ f ( v, w ) ( U ⊗ K ) Θ 2
x̄ 2

χ

˙̄y 1 = ( S + E K ) ȳ 1 ( 1 9)

w h er e

Θ 1 =
I 2

0 2 ( N − 1 ) × 2
, Θ 2 =

0 2 × 2 ( N − 1 ) 0 2 × 2 ( N − 1 )

I 2 ( N − 1 ) − I 2 ( N − 1 )
.

T h e s yst e m ( 1 9) c a n b e r e g ar d e d as i nt er c o n n e cti o n of f o ur
s u bs yst e ms d e n ot e d as Σ 1 ( χ ) , Σ 2 ( x̄ 2 ) , Σ 3 ( δ ) , a n d Σ 4 ( ȳ 1 ) a c c or di n g
t o t h eir st at es. T o v erif y t h e e x p o n e nti al st a bilit y of t h e s yst e m ( 1 9),
t h e first t as k is t o s h o w t h at e a c h s u bs yst e m i n ( 1 9) is ( e x p o n e nti all y)
I S S. T h e n b y t h e s m all g ai n t h e or e m, t h e o v er all s yst e m ( 1 9) is
e x p o n e nti all y st a bl e if t h e i nt er c o n n e ct e d g ai n f u n cti o ns s atisf y a
c ert ai n s m all g ai n c o n diti o n.

T h e s u bs yst e ms Σ 2 ( x̄ 2 ) , Σ 3 ( δ ) , Σ 4 ( ȳ 1 ) ar e p ur el y c o nti n u o us-
ti m e s yst e ms t h at ar e i n d e p e n d e nt of t h e s wit c hi n g si g n als σ ( t) . T h eir
I S S pr o p erti es c a n a c hi e v e d usi n g n o nli n e ar r o b ust d esi g n. H o w e v er,
it is n ot e d t h at t h e s u bs yst e m Σ 1 ( χ ) is a s wit c h e d s yst e m s u bj e ct t o
t h e e xt er n al i n p ut δ .

I n t his p a p er, it is o bs er v e d t h at ( ( I N − 1 ⊗ S ) − κ ( H σ ⊗ I 2 ) )
is u nst a bl e a n d n o n e of t h e s wit c h e d s u bs yst e ms of Σ 1 ( χ ) is I S S
wit h r es p e ct t o δ . T h er ef or e t h e e xisti n g r es ults [ 2 3], [ 3 0], [ 3 1], [ 3 2]
c a n n ot a p pl y t o t h e pr es e nt sit u ati o n. T h e d esi g n n o w r eli es o n t h e
n e w a p pr o a c h d e v el o p e d i n t h e pr e vi o us s e cti o n.

B as e d o n t h e a b o v e a n al ysis, t h e r es ult o n e x p o n e nti al st a bilit y of
t h e s wit c h e d s yst e m ( 1 9) u n d er t h e s wit c hi n g si g n al σ ( t) a n d t h e
c o ns e ns us c o n diti o ns f or t h e M A S ( 1) wit h t h e c o ntr oll er ( 3) u n d er
t h e j oi ntl y c o n n e ct e d t o p ol o g y ar e st at e d i n t h e f oll o wi n g t h e or e m.

T h e o r e m 5. 1: C o nsi d er t h e M A S ( 1) wit h t h e c o ntr oll er ( 3) i n t h e
s wit c hi n g n et w or k wit h gr a p hs G σ ( t ) . S u p p os e t h e s wit c hi n g si g n al
σ ( t) s atis fi es Ass u m pti o ns 2. 1 a n d 2. 2. I n ( 3), l et K b e s el e ct e d s u c h
t h at S + E K is H ur wit z a n d P > 0 s u c h t h at

− Q = P ( S + E K ) + ( S + E K ) T P + 2 P E E T P < 0

f or s o m e > 0 . Als o, l et

K ( v ) > F ( v ) + ε F ( v ) F ( v ) + Λ

f or s o m e ε > 0 a n d di a g o n al m atri x Λ > 0 . T h e n, t h e s yst e m ( 1 9)
s atis fi es t h e f oll o wi n g f o ur pr o p erti es.
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( 1) T h e s yst e m Σ 1 ( χ ) is I S S wit h r es p e ct t o i n p ut δ , i n p arti c ul ar,

χ ( t) ≤ β 1 ( χ ( t 0 ) , t − t 0 ) + γ 1 δ [t 0 , t] , ∀ t ≥ t 0 ,

f or s o m e cl ass K L f u n cti o n β 1 a n d c o nst a nt γ 1 > 0 .
( 2) T h e s yst e m Σ 2 ( x̄ 2 ) is I S S wit h r es p e ct t o i n p ut c ol { χ, δ } , i n

p arti c ul ar,

x̄ 2 ( t) ≤ β 2 ( x̄ 2 ( t 0 ) , t − t 0 ) + γ χ
2 χ [t 0 , t] + γ δ

2 δ [t 0 , t] ,

∀ t ≥ t 0 ,

f or s o m e cl ass K L f u n cti o n β 2 a n d t w o c o nst a nts 2

γ χ
2 >

λ m a x ( P ) λ m a x ( K T K )

λ mi n ( P ) λ mi n ( Q )
,

γ δ
2 >

λ m a x ( P )

λ mi n ( P ) λ mi n ( Q )
.

( 3) T h e s yst e m Σ 3 ( δ ) is I S S wit h r es p e ct t o i n p ut c ol{ ȳ 1 , x̄ 2 , χ} ,
i n p arti c ul ar, wit h ψ = c ol { x̄ 2 , χ} ,

δ ( t) ≤ β 3 ( δ ( t 0 ) , t − t 0 ) + γ ȳ 1
3 ȳ 1[ t 0 , t]

+ ( γ ψ
3 /

√
ε ) ψ [t 0 , t] , ∀ t ≥ t 0 ,

f or s o m e cl ass K L f u n cti o n β 3 , s o m e c o nst a nt γ ȳ 1
3 > 0 , a n d a

c o nst a nt

γ ψ
3 >

λ m a x ( K T K )

2 λ mi n ( Λ )
.

( 4) T h e s yst e m Σ 4 ( ȳ 1 ) is e x p o n e nti all y st a bl e.

M or e o v er, if t h e c o ntr ol p ar a m et er ε is s el e ct e d s u c h t h at
√

ε > 2 γ ψ
3 m a x { 2 γ χ

2 γ 1 , 2 γ δ
2 , 2 γ 1 } , ( 2 0)

t h e n t h e cl os e d-l o o p M A S a c hi e v es c o ns e ns us as d es cri b e d i n D e fi-
niti o n 2. 1.

P r o of. T h e pr o ofs of t h e f o ur pr o p erti es a n d t h e m or e o v er p art ar e
gi v e n b el o w i n or d er.

Pr o p ert y ( 1):
First of all, t h e s yst e m Σ 1 ( χ ) c a n b e r e writt e n as

˙̄χ =
− κ H σ I N − 1

0 − κ H σ
χ̄ +

0
U T

1
δ ( 2 1)

w h er e χ̄ = Ī χ = c ol { χ̄ 1 , χ̄ 2 } , χ̄ 1 , χ̄ 2 ∈ R N − 1 ,
Ī = c ol { Ξ 1 , Ξ N , Ξ 2 , Ξ N + 1 , · · · Ξ N − 1 , Ξ 2 ( N − 1 ) } a n d Ξ i ∈
R 1 × 2 ( N − 1 ) , i = 1 , · · · , 2 ( N − 1 ) wit h all el e m e nts b ei n g z er o e x c e pt
t h e i− t h el e m e nt b ei n g o n e. It is e as y t o s e e t h at Ī i s a n el e m e nt ar y
m atri x s atisf yi n g Ī − 1 = Ī .

O b vi o usl y, t h e s yst e m Σ 1 ( χ ) is e q ui v al e nt t o t h e s yst e m ( 2 1) t h at
is of t h e f or m ( 1 8). It is r e a d y t o v erif y I S S of t h e li n e ar s wit c h e d
s yst e m ( 2 1) usi n g C or oll ar y 4. 1 a n d L e m m a 5. 1. M or e s p e ci fi c all y,
t h er e e xist s o m e K L f u n cti o n β 1 a n d c o nst a nt γ 1 s u c h t h at

χ̄ ( t) ≤ β 1 ( χ̄ ( t 0 ) , t − t 0 ) + γ 1 δ [t 0 , t] , ∀ t ≥ t 0 . ( 2 2)

I n p arti c ul ar, t h e c o nst a nt g ai n f u n cti o n γ 1 c a n b e e x pli citl y c al c ul at e d
usi n g C or oll ar y 4. 1 a n d T h e or e m 4. 1. Pr o p ert y ( 1) is t h us pr o v e d b y
n oti n g χ ( t) = χ̄ ( t) .

Pr o p ert y ( 2):
C o nstr u ct a L y a p u n o v f u n cti o n f or t h e s yst e m Σ 2 ( x̄ 2 ) as f oll o ws

V 2 ( x̄ 2 ) = x̄ T
2 ( I N − 1 ⊗ P ) x̄ 2

2 F or a r e al s y m m etri c m atri x A , λ m a x ( A ) a n d λ mi n ( A ) d e n ot e its m a xi m u m
a n d mi ni m u m ei g e n v al u es, r es p e cti v el y.

t h at s atis fi es

λ mi n ( P ) x̄ 2
2 ≤ V 2 ( x̄ 2 ) ≤ λ m a x ( P ) x̄ 2

2 .

T h e d eri v ati v e of V 2 ( x̄ 2 ) al o n g t h e tr aj e ct or y of Σ 2 ( x̄ 2 ) is

˙V 2 ( x̄ 2 ) = 2 x̄ T
2 ( I N − 1 ⊗ P ) ˙̄x 2

= − x̄ T
2 ( I N − 1 ⊗ Q̄ ) x̄ 2 − 2 x̄ T

2 ( I N − 1 ⊗ ( P E K ) ) χ

+ 2 x̄ T
2 ( U T

1 ⊗ ( P E ) ) δ

f or − Q̄ = P ( S + E K ) + ( S + E K ) T P .

It is n ot e d t h at

− 2 x̄ T
2 ( I N − 1 ⊗ ( P E K ) ) χ

= − 2 x̄ T
2 ( I N − 1 ⊗ ( P E ) ) ( I N − 1 ⊗ K ) χ

≤ x̄ T
2 ( I N − 1 ⊗ ( P E E T P ) ) x̄ 2 +

1
χ T ( I N − 1 ⊗ ( K T K ) ) χ

a n d

2 x̄ T
2 ( U T

1 ⊗ ( P E ) ) δ ≤ x̄ T
2 ( I N − 1 ⊗ ( P E E T P ) ) x̄ 2 +

1
δ T δ

f or > 0 . F or − Q = − Q̄ + 2 P E E T P < 0 , o n e h as

˙V 2 ( x̄ 2 ) ≤ − λ mi n ( Q ) x̄ 2
2 +

1
λ m a x ( K T K ) χ 2 +

1
δ 2 .

T h er ef or e, t h e s yst e m Σ 2 ( x̄ 2 ) is I S S vi e wi n g x̄ 2 as st at e a n d
c ol { χ, δ } as i n p ut. I n p arti c ul ar, t h er e e xist s o m e cl ass K L f u n cti o n
β 2 s u c h t h at

x̄ 2 ( t) ≤ β 2 ( x̄ 2 ( t 0 ) , t − t 0 ) + γ χ
2 χ [t 0 , t] + γ δ

2 δ [t 0 , t] , ∀ t ≥ t 0 ,
( 2 3)

f or t h e t w o c o nst a nts γ χ
2 , γδ

2 gi v e n i n Pr o p ert y ( 2).

Pr o p ert y ( 3):

C o nstr u ct a L y a p u n o v f u n cti o n f or t h e s yst e m Σ 3 ( δ ) as f oll o ws

V 3 ( δ ) = δ T δ.

T h e d eri v ati v e of V 3 ( δ ) al o n g t h e tr aj e ct or y of Σ 3 ( δ ) is

˙V 3 ( δ ) = 2 δ T δ̇

= 2 δ T ( f ( v, w ) − K ( v ) ) δ + 2 δ T f ( v, w ) ( U ⊗ K ) Θ 1 ȳ 1

+ 2 δ T f ( v, w ) ( U ⊗ K ) Θ 2 ψ

w h er e ψ = c ol { x̄ 2 , χ} .

As

K ( v ) > F ( v ) + ε F ( v ) F ( v ) + Λ ,

t h er e e xists ε̃ > 0 s u c h t h at

K ( v ) ≥ F ( v ) + ( ε̃ + ε ) F ( v ) F ( v ) + Λ .

It is n ot e d t h at

2 δ T f ( v, w ) ( U ⊗ K ) Θ 1 ȳ 1

≤ 2 ε̃ δ T f ( v, w ) f ( v, w ) δ +
1

2 ε̃
ȳ T

1 Θ T
1 ( U ⊗ K ) T ( U ⊗ K ) Θ 1 ȳ 1

≤ 2 ε̃ δ T f ( v, w ) f ( v, w ) δ +
1

2 ε̃
ȳ T

1 ( K T K ) ȳ 1

a n d

2 δ T f ( v, w ) ( U ⊗ K ) Θ 2 ψ

≤ 2 ε δ T f ( v, w ) f ( v, w ) δ +
1

2 ε
ψ T Θ T

2 ( U ⊗ K ) T ( U ⊗ K ) Θ 2 ψ

≤ 2 ε δ T f ( v, w ) f ( v, w ) δ +
1

2 ε
ψ T ( ( Υ ⊗ I N − 1 ) ⊗ ( K T K ) ) ψ
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wit h Υ =
1 − 1

− 1 1
f or ε̃, ε > 0 . F urt h er m or e, r e c all t h e

c o n diti o n |∂ f i ( v i , wi ) / ∂ v i | ≤ Fi ( v i ) . T h e n usi n g f ( v, w ) ≤ F ( v )
a n d f ( v, w ) f ( v, w ) ≤ F ( v ) F ( v ) , w e h a v e

˙V 3 ( δ ) ≤ 2 δ T ( F ( v ) − K ( v ) ) δ + 2 ( ε̃ + ε ) δ T F ( v ) F ( v ) δ

+
1

2 ε̃
ȳ T

1 ( K T K ) ȳ 1 +
1

2 ε
ψ T ( ( Υ ⊗ I N − 1 ) ⊗ ( K T K ) ) ψ

a n d

˙V 3 ( δ ) ≤ − 2 λ mi n ( Λ ) δ 2 +
1

2 ε̃
λ m a x ( K T K ) ȳ 1

2 +
1

ε
λ m a x ( K T K ) ψ 2 .

T h er ef or e t h e s yst e m Σ 3 ( δ ) is I S S vi e wi n g δ as st at e a n d c ol { ȳ 1 , ψ}
as i n p ut. I n p arti c ul ar, t h er e e xist s o m e cl ass K L f u n cti o n β 3 s u c h
t h at

δ ( t) ≤ β 3 ( δ ( t 0 ) , t − t 0 ) + γ ȳ 1
3 ȳ 1[ t 0 , t]

+ ( γ ψ
3 /

√
ε ) ψ [t 0 , t] , ∀ t ≥ t 0 , ( 2 4)

f or t h e c o nst a nt γ ψ
3 gi v e n i n Pr o p ert y ( 3) a n d

γ ȳ 1
3 =

λ m a x ( K T K )

4 ε̃ λ mi n ( Λ )
.

Pr o p ert y ( 4):
As S + E K is H ur wit z, t h e pr o of is str ai g htf or w ar d. M or e

s p e ci fi c all y, w e c o nstr u ct a L y a p u n o v f u n cti o n f or Σ 4 ( ȳ 1 ) as f oll o ws

V 4 ( ȳ 1 ) = ȳ T
1 P ȳ 1 .

It is e as y t o s e e t h at

λ mi n ( P ) ȳ 1
2 ≤ V 4 ( ȳ 1 ) ≤ λ m a x ( P ) ȳ 1

2

a n d

˙V 4 ( ȳ 1 ) = 2 ȳ T
1 P ˙̄y 1 = − ȳ T

1 Q ȳ 1

≤ − λ mi n ( Q ) ȳ 1
2 ≤ −

λ mi n ( Q )

λ m a x ( P )
V 4 ( ȳ 1 ) − α 4 V 4 ( ȳ 1 ) .

T h e n, w e h a v e

V 4 ( ȳ 1 ( t) ) ≤ e − α 4 ( t − t 0 ) V 4 ( ȳ 1 ( t 0 ) ) ,

t h at is,

ȳ 1 ( t) 2 ≤
λ m a x ( P )

λ mi n ( P )
e − α 4 ( t − t 0 ) ȳ 1 ( t 0 ) 2 .

T h er ef or e, e x p o n e nti al st a bilit y of t h e s yst e m Σ 4 ( ȳ 1 ) is g u ar a nt e e d
a n d t h er e e xists a K L f u n cti o n β 4 s u c h t h at

ȳ 1 ( t) ≤ β 4 ( ȳ 1 ( t 0 ) , t − t 0 ) , ∀ t ≥ t 0 . ( 2 5)

M or e o v er p art:
L et ϕ = c ol { δ, ȳ 1 } . Us e δ [t 0 , t] ≤ ϕ [t 0 , t] a n d r e c all ( 2 2) a n d

( 2 3). T h e n w e h a v e

χ ( t) ≤ β 1 ( χ ( t 0 ) , t − t 0 ) + γ 1 ϕ [t 0 , t]

x̄ 2 ( t) ≤ β 2 ( x̄ 2 ( t 0 ) , t − t 0 ) + γ χ
2 χ [t 0 , t] + γ δ

2 ϕ [t 0 , t] .

B y t h e s m all g ai n t h e or e m, t h e c o m bi n e d s yst e m vi e wi n g ψ =
c ol { x̄ 2 , χ} as st at e a n d ϕ as i n p ut is I S S. I n p arti c ul ar, t h er e e xists
s o m e cl ass K L f u n cti o n β̂ 1 s u c h t h at

ψ ( t) ≤ β̂ 1 ( ψ ( t 0 ) , t − t 0 ) + γ ϕ ϕ [t 0 , t] , ∀ t ≥ t 0 , ( 2 6)

f or a c o nst a nt γ ϕ = m a x { 2 γ χ
2 γ 1 , 2 γ δ

2 , 2 γ 1 } .
Si mil arl y, r e c all ( 2 4) a n d ( 2 5). We h a v e t h e c o m bi n e d s yst e m

vi e wi n g ϕ = c ol { δ, ȳ 1 } as st at e a n d ψ as i n p ut is I S S. I n p arti c ul ar,
t h er e e xists s o m e cl ass K L f u n cti o n β̂ 2 s u c h t h at

ϕ ( t) ≤ β̂ 2 ( ϕ ( t 0 ) , t − t 0 ) + γ ψ ( ψ [t 0 , t] ) , ∀ t ≥ t 0 , ( 2 7)

Fi g. 1. S wit c hi n g t o p ol o gi es wit h N = 6 a n d M = 4 .

f or a c o nst a nt γ ψ = 2 γ ψ
3 /

√
ε .

T h e c o n diti o n ( 2 0) is e q ui v al e nt t o

γ ψ γ ϕ < 1 . ( 2 8)

Fr o m ( 2 6) a n d ( 2 7) a n d t h e s m all g ai n c o n diti o n ( 2 0), w e c a n
c o n cl u d e t h at t h e e q uili bri u m p oi nt c ol ( x̄ 2 , ȳ 2 , δ, ȳ 1 ) = 0 of t h e
s yst e m ( 1 0) is e x p o n e nti all y st a bl e ( n oti n g all t h e cl ass K L f u n cti o ns
i n t h e af or e m e nti o n e d f o ur pr o p erti es t a k e e x p o n e nti al f or m). T h e
pr o of is t h us c o m pl et e d b y a p pl yi n g Pr o p ositi o n 3. 1.

VI. N U M E R I C A L S I M U L A T I O N

I n t his s e cti o n, a n M A S c o nsisti n g of si x a g e nts of d y n a mi cs ( 1)
is si m ul at e d. Ass u m e t h e n o nli n e arit y is f i ( v i , wi ) = w i v

3
i wit h

w i ar bitr aril y s el e ct e d i n t h e i nt er v al [− 1 , 1] . T h e n F i ( v i ) = 3 v 2
i

c a n b e c h os e n. T h e ti m e- v ar yi n g t o p ol o g y G σ ( t ) is ass u m e d t o b e
p eri o di c a n d t h e pi e c e wis e c o nst a nt s wit c hi n g si g n al σ ( t) b el o n gs
t o t h e s et P = { 1 , 2 , 3 , 4 } . T h e c orr es p o n di n g u n dir e ct e d t o p ol o gi es
G 1 , G 2 , G 3 a n d G 4 , ar e d e pi ct e d i n Fi g. 1 cl o c k- wis el y fr o m t h e
u p p er l eft. N ot e t h at n o n e of t h e t o p ol o gi es is c o n n e ct e d b ut t h e y
s atisf y Ass u m pti o n 2. 2, t h at is, 4

i = 1 G i is c o n n e ct e d. A p eri o di c all y
s wit c hi n g s e q u e n c e is c o nsi d er e d i n t h e si m ul ati o n. T h e p ar a m et ers
a n d f u n cti o ns K, κ, K i ( v i ) , i = 1 , 2 , · · · , N i n t h e c o ntr ol pr ot o c ol
( 3) c a n b e e x pli citl y d esi g n e d f oll o wi n g t h e a p pr o a c h d e v el o p e d i n
t his p a p er.

T h e a g e nt tr aj e ct ori es u n d er e a c h u n c o n n e ct e d t o p ol o g y ar e
c h e c k e d wit h o b vi o usl y n o c o ns e ns us a c hi e v e d. W h e n t h e t o p ol o g y
is s wit c hi n g p eri o di c all y, t h e v el o cit y a n d p ositi o n tr aj e ct ori es ar e
pl ott e d i n Fi g. 2 w hi c h s h o ws t h at b ot h t h e v el o citi es a n d t h e p ositi o ns
of all t h e a g e nts a c hi e v e c o ns e ns us as e x p e ct e d.

VII. C O N C L U S I O N

I n t his p a p er, w e h a v e s ol v e d t h e c o ns e ns us pr o bl e m f or a cl ass of
n o nli n e ar, h et er o g e n e o us, a n d u n c ert ai n M A Ss i n s wit c hi n g n et w or ks.
A c hi e v e m e nt of c o ns e ns us is g u ar a nt e e d u n d er t h e s o- c all e d j oi ntl y
c o n n e ct e d ass u m pti o n, w hi c h d o es n ot r e q uir e m e as ur e m e nt of a g e nt
st at e or s uf fi ci e ntl y f ast s wit c hi n g. S u c c ess of t h e d esi g n r eli es o n a
n o v el a p pr o a c h f or I S S a n al ysis of s wit c h e d s yst e ms. T h e c o ns e ns us
pr o bl e m of a n M A S is b as e d o n st a bilit y of i nt er c o n n e cti o n of a
s wit c h e d s yst e m a n d a n o nli n e ar d y n a mi c c o m p e ns at or.

T h e fr a m e w or k i n t his p a p er is s et u p f or u n dir e ct e d gr a p hs. T h e
f u n d a m e nt al t e c h ni c al c h all e n g es f or dir e ct e d gr a p hs i n t h e s c e n ari os
u n d er i n v esti g ati o n ar e e x pl ai n e d b el o w f or f ut ur e w or k.

(i) T h e c o n v er g e n c e a n al ysis t e c h ni q u e us e d i n t his p a p er r eli es o n
t h e e m pt y i nt ers e cti o n c o n diti o n f or t h e k er n els of s wit c h e d s yst e m
m atri c es (r e pr es e nt e d b y − H i ; s e e Ass u m pti o n 4. 1). As s h o w n i n
L e m m a 5. 1, f or u n dir e ct e d gr a p hs, t his c o n diti o n is e q ui v al e nt t o t h e
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Fig. 2. Profile of state trajectories under jointly connected topology.

jointly connected condition. However, for directed graphs, a non-
convergent network not satisfying the jointly connected condition
may still satisfy the empty intersection condition. Therefore, the
convergence analysis technique based on the empty intersection
condition is unlikely to be applicable for directed graphs.

(ii) It is noted that the results in [12], [14], [15], etc. were
established on undirected graphs that induce symmetric H-matrices.
The resulting switched system may have an asymmetric matrix
Ai that however has a special structure of, for example, Ai =
I ⊗ A − Hi ⊗ BK with symmetric Hi. Therefore, a common
Lyapunov-like function can be constructed for the switched system.
One contribution of this paper is to follow this research line and
develop the technique to an ISS setting that is critical for convergence
analysis of interconnected nonlinear dynamics. For directed graphs,
the H-matrix is asymmetric and it is unlikely to find a common
Lyapunov-like function for the resulting switched system. Another
research line in, e.g., [10], [21], offers a set-value Lyapunov function
that is applicable for this situation. So far, we have yet to see a clue
for extending the mechanism to an ISS setting with an explicit gain.
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